Abstract. The classical frame potential in a finite dimensional Hilbert space has been introduced by Benedetto and Fickus, who showed that all finite unit-norm tight frames can be characterized as the minimizers of this energy functional. This was the start point of a series of new results in frame theory, related to finding tight frames with determined length. The frame potential has been studied in the traditional setting as well as in the finite-dimensional fusion frame context. In this work we introduce the concept of mixed frame potential, which generalizes the notion of the Benedetto-Fickus frame potential. We study properties of this new potential, and give the structure of its critical pairs of sequences on a suitable restricted domain. For a given sequence {αm} m=1,...,N in K, where K is R or C, we obtain necessary and sufficient conditions in order to have a dual pair of frames {fm} m=1,...,N , {gm} m=1,...,N such that fm, gm = αm for all m = 1, ..., N.
Introduction
Frames, which were introduced by Duffin and Schaeffer in [11] , became essential for engineering and applied mathematics, specially for the purpose of signal processing and data transmission. Given a Hilbert space H, a sequence {f m } ⊂ H is a frame if there exist positive constants A and B that satisfy
If A = B it is called a tight frame.
The main property of frames is that they provide reconstruction formulae where the coefficients are not necessarily unique, which is advantageous in situations that arise in signal processing [1] . Particular frames such as wavelet and Gabor frames are described e.g. in [14] , [9] , [10] , [6] .
Finite frames are used in many applications, where we often have to work in finite dimensional spaces, since they avoid the approximation problems that come up by truncating infinite frames. They have been studied for example in [2] , [3] , [12] . In particular, finite tight frames are very useful to solve problems in Communication Theory, Information Theory, Sampling Theory, etc. [15] , since the convergence of the provided decompositions is fast. The frame potential in H N d -where H d is a finite dimensional Hilbert space -introduced in [2] by Benedetto and Fickus-turned out to be an important tool in frame theory. In our work we define a new concept of potential in H . Whereas the Benedetto-Fickus potential measures the orthogonality of a system of vectors, our mixed frame potential quantifies in some sense the biorthogonality of two systems of vectors.
In [3] and [4] , the problem of finding tight frames with a prescribed norm is analyzed, which is related to the minimization of the Benedetto-Fickus frame potential. The Benedetto-Fickus frame potential has been also studied in the finite-dimensional fusion frame setting [5] , [13] .
Given a sequence {α m } m=1,...,N , we study the mixed frame potential restricted to the pairs ({f m } N m=1 , {g m } N m=1 ) such that f m , g m = α m , and describe the critical pairs of sequences of this restricted potential. This turned out to be related to finding dual pairs of frames that satisfy f m , g m = α m .
The paper is organized as follows. In the following section we give definitions and preliminaries that we will use later. In section 3 we present some properties of the mixed frame potential. Section 4 is devoted to characterize the structure of the critical pairs of sequences of the mixed frame potential, which leads to the result about necessary and sufficient conditions for the existence of dual frames with prescribed scalar products. 
Notation and Preliminaries
and the analysis operator for {f m } N m=1 by
.
We will denote with U and U ⋆ the synthesis and respectively analysis operator of {g m } N m=1 . We denominate T U ⋆ and U T ⋆ the mixed frame operators:
Two sequences {f m } N m=1 and {g m } N m=1 are dual frames if
In terms of the operators T and U, (2) means that T U ⋆ = I or U T ⋆ = I.
We call F P the mixed frame potential of (
Observe that for the case that
, the mixed frame potential is equal to
which is the traditional Benedetto-Fickus frame potential of {f m } N m=1 .
Given a sequence {α
m } N m=1 ⊂ K we definẽ S({α m } N m=1 ) = ({f m } N m=1 , {g m } N m=1 ) ∈ H N d × H N d : f m , g m = α m ∀m = 1, ..., N .
Mixed Frame Potential
We will see next that the mixed frame potential can also be written as the trace of the square of the corresponding mixed frame operator, i.e. it is the square of the Hilbert-Schmidt norm of the mixed frame operator.
where
we have that
Remark 1. Observe that
Note that the previous result allows to compute the mixed frame potential very easily for example for a pair (
Also, the previous representation of the mixed frame potential allows us to study in more detail some of its properties, as we will see in the following proposition.
). 
) is real and N m=1 α m is imaginary and
* has only one eigenvalue, then
In particular, this happens if
Proof. By the preceding lemma we know that if
) the trace of the mixed frame operator satisfies
So, in order to study possible extrema for the real or the imaginary part of F P :
) −→ K, we will first consider the critical points of the functions
Using Lagrange multipliers for this constrained problem, we obtain that if
is a critical point of R or I restricted to Λ, then
Furthermore, in this case it can be seen that
point of R as well as of I restricted to Λ.
) such that all the eigenvalues of T U ⋆ are real, we have that
) and N m=1 α m are real and
and for any (
α m since λ ∈ Λ, and so
Remark 2. Note that the bounds in (1) and (2) of Proposition 1 are not necessarily achieved, but are attained when T U * has only one eigenvalue.
Our next step is to study critical pairs of sequences of our mixed frame potential.
Critical pairs of sequences of the mixed frame potential
We show now that if the mixed frame operator is the identity operator times a constant, then the sequence {α m } m=1,...,N satisfies an equality.
In order to state the following results we will need some definitions.
Let L be a finite index set.
In the following we will see that the critical points of the real or the imaginary part of the restricted mixed frame potential satisfy certain Lagrange equations.
) is a local extrema or a saddle point of the real or the imaginary part of the mixed frame potential
Proof. Consider the m-th mixed frame potential denoted by F P m , where
) is a local extrema or a saddle point of the real or the imaginary part of the frame potential F P restricted toS({α m } N m=1 ), we have that (f m , g m ) is a local extrema or a saddle point of the real or the imaginary part of F P m in S(α m ) = {(f, g) ∈ H × H : f, g = α m }, where
Hence, the corresponding several variable constrained problem must be solved. Using Lagrange multipliers, it can be seen that there exist c 1 , c 2 ∈ R such that
From (I) we have the following equations
Hence, from (i) and (ii)
and from (iii) and (iv)
so we obtain the desired result if we take c = c 1 + ic 2 .
Observe that in a similar way we can obtain from (II) that 
) is a critical pair of sequences if for each m = 1, ..., N there exists c ∈ K such that (7) is satisfied. Now we are ready to provide a structure of these critical pairs of sequences:
) is a critical pair of sequences, then 
Proof.
(
) is a critical pair of sequences, for m ∈ 1, ..., N there exists c ∈ K such that N n=1,n =m f m , g n f n = cf m and N n=1,n =m g m , f n g n = cg m .
So,
be the sequence of indexing sets given by I j = {m ∈ {1, ..., N } :
Take j ∈ {1, ..., J} and f ∈ R j . If m / ∈ I j then m ∈ I i for some i = j, hence g m ∈ L i following that f, g m = 0. This yields
Analogously we obtain that for
i.e. {f m } m∈Ij and {g m } m∈Ij are λ j -generalized dual frames. Moreover, we proved that if λ j = 0 then span{f m } m∈Ij = R j and span{g m } m∈Ij = L j .
Now we describe the structure of the pairs that are local extrema of the real and the imaginary part of the restricted frame potential. As we will see in Proposition 4, under certain conditions the same structure is also valid for pairs that are local extrema of the real or the imaginary part of the restricted frame potential.
) which is a local extrema of the real and the imaginary part of the mixed frame potential 
) be a local extrema of the real and the imaginary part of the mixed frame potential By Theorem 1 {f m } m∈Ij and {g m } m∈Ij are λ j -generalized dual frames for all j = 1, ..., J.
(3) We will show that {f m } m∈Ij is linearly independent in R j for any j < J.
The proof that {g m } m∈Ij is linearly independent in L j for any j < J is analogous. Assume that {f m } m∈Ij is not l.i. in R j for some j = 1, ..., J − 1. Then there exists a nonzero sequence of {r m } m∈Ij ⊂ K such that |r m | ≤ 
) and
By the product rule
S 1 = 0 since for m ∈ I j , we have that f n , g m = 0 for n / ∈ I j and h 1 , g n = 0 for n ∈ I j because h 1 ∈ R J . In a similar way we see that S 2 , S 3 and S 4 = 0. Hence we obtain
We obtain that S 2 = S 4 = S 5 = S 7 = S 10 = S 12 = S 13 = S 15 = 0 and
For the rest of the
is nonzero by assumption. So in t = 0 there is a maximum of Re( F P ) restricted to {Ψ m (t)} N m=1 , i.e. we have that for all t ∈ (−1, 1)
which is a contradiction since we assumed that ({f 
) is a local minimizer of Re( F P ). b) If Re(λ J ) ≥ 0 we use the same function Ψ m (t) = (β m (t), γ m (t)) as defined in a), but choose
Analogously as in a) we obtain
For the second derivative we have
If Re(λ J ) > 0, we know that
) is a local minimizer of Re( F P ). Now consider Re(λ J ) = 0. Let m 0 ∈ I j such that r m0 = 0. If Re(α m0 λ j ) = 0, then
) < 0 and we are done. If Re(α m0 λ j ) = 0, we are in the only case where we use the hypothesis that we also have a local extrema in the imaginary part of the restricted mixed frame potential. Observe that if j < J then λ j = 0, since |λ j | ≥ |λ J | and λ j = λ J . Also, we have that α m0 = 0. So α m0 λ j = 0, thus we know that if Re(α m0 λ j ) = 0, necessarily Im(α m0 )λ j = 0. Using the same curve {Ψ m (t)} N m=1 , but replacing in the definition Re(α m λ j ) by Im(α m λ j ) in case there is a minimum in the imaginary part, and by −Im(α m λ j ) in case there is a maximum, we also arrive to a contradiction for this particular case. Hence we can conclude that {f m } m∈Ij is linearly independent in R j .
(4) As we observed before, if j < J then λ j = 0. Let w j be such that w 2 j = λ j . We will prove that { 1 wj f n } n∈Ij and { 1 wj g n } n∈Ij are biorthogonal sequences for j < J : By item (3) we have that
We also proved that for f ∈ L j ,
wj f n } n∈Ij and { 1 wj g n } n∈Ij are a basis of R j and L j respectively. Hence for l ∈ I j we have f l ∈ R j and g l ∈ L j and
Since { 1 wj f n } n∈Ij is a basis in R j it follows that Observe that in particular we saw that if m ∈ I j , j < J we have that
be an orthonormal basis in L J . Then
Similarly, we obtain
Finally, we obtain the decomposition As mentioned before, under some additional hypothesis we can assure the same structure for a pair that is a local extrema of the real or the imaginary part of the restricted frame potential: We finally obtain the following result concerning dual frames with prescribed scalar porducts. Remark 3. If we assume N > d, the statements in the previous corollary are also equivalent to say that N m=1 α m = d. This is a consequence of Proposition 2 and of Corollary 3.7 in [8] .
